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The bases of the theory of Ught reflection and absorption by low- dimensional semiconductor objects (quantum 
wells, wires and dots) at both monochromatic and pulse irradiations and at any form of light pulses are 
developed. The semiconductor object may be placed in a stationary quantizing magnetic field. 
As an example the case of normal light incidence on a quantum well (QW) surface is considered. The width 
of the QW may be comparable to the light wave length and number of energy levels of electronic excitations 
is arbitrary. For Fourier-components of electric fields the integral equation (similar to the Dyson-equation) 
and solutions of this equation for some individual cases are obtained. 
PACS numbers; 78.47. + p, 78.66.-w 
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The interest to optics time-dependent effects in semi- 
conductor objects is great in last years [1-4]. This is con- 
nected with successful engineering of short light pulses 
what allows to investigate coherent phenomena in pro- 
cesses of light interactions with elementary excitations in 
various systems. 

If a semiconductor object is irradiated with a short 
light pulse there appears a pulse of a secondary light 
radiation the form of which differs essentially from the 
form of primary light pulse and bears also the information 
on exited states in the object, for example about life- 
times of electron- hole pairs (EHP), about splittings of 
magneto-polaron energy spectrum and so on. 

In general the secondary light radiation from material 
objects is powerful means of research of their internal 
structure. Both at monochromatic and at a pulse light 
irradiation there are two sorts secondary light radiation. 
For example, at irradiation of low-dimensional semicon- 
ductor objects the secondary light radiation of the first 
sort causes light reflection from these objects which may 
be resonant if the frequency uji of stimulating light co- 
incides with the frequency ujq of one of discrete energy 
levels of an electronic system. In bulk semiconductors 
the secondary radiation of the first sort causes difference 
of true electromagnetic fields from stimulating fields, i.e. 
causes a deviation of the dielectric susceptibility e from 
unit. 

The second sort of secondary light radiation is light 
scattering, for example Raman scattering, which can not 
be described in terms of the dielectric susceptibihty. 

How does any secondary radiation from material ob- 
jects appear? Stimulating light creates in systems of 
charged particles induced alternating electric currents 
and charge density fluctuations. Current and charge fluc- 



tuations cause secondary electromagnetic fields. This 
chem is applicable equally to bulk bodies and to low- 
dimensional systems, for instance, to quantum wells. 

If to average densities of induced currents and charges 
(on the ground state of system, for example, in a case of 
zero temperature) and to calculate the induced electro- 
magnetic fields, we obtain the secondary light radiation 
of the first sort. The secondary light radiation of the sec- 
ond sort, i.e. light scattering, is caused by fluctuations 
of induced current and charge densities. Below we inves- 
tigate only the secondary light radiation of the first sort 
and light absorption. 

Modern semiconductor technologies allow to make high 
quality quantum wells, when radiative broadening of 
an absorption line may be comparable to the contribu- 
tions of non-radiative relaxation mechanisms or to exceed 
them. In such situation it is impossible to be limited by 
the lowest approximation on interaction of electrons with 
electromagnetic flelds and it is necessary to take into ac- 
count all orders of this interaction [5-13]. 

Below principals of the theory of the secondary radia- 
tion of the flrst sort from low-dimensional semiconductor 
objects are developed. The accent is made on situation 
when the object is placed in a quantizing stationary mag- 
netic field. Results are applied to a case of light pulse 
irradiation with any pulse forms. 

The statement is constructed as follows. In section I 
the expressions for averaged values of current and charge 
densities induced by a weak electromagnetic field in a 
system of limited in space charged particles are given. 
These expressions are applicable in case of any station- 
ary potential, any interaction between particles and any 
constant magnetic fields. Contributions containing elec- 
tric fields and derivative of electrical fields on coordinates 
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are separated. In further last contributions are consid- 
ered small and are not taken into account. 

Further in sections II- VII the averaged density of in- 
duced currents in low-dimcnsional semiconductor objects 
is calculated without taking into account the Coulomb in- 
teraction between electrons and holes and in section VII 
the result is generalized with taking into account of the 
excitonic effect. 

In section VIII the concept of the conductivity tensor 
(TQ,/3(k, cij|r) depending on spatial coordinates due to the 
spatial heterogeneity of low-dimensional semiconductor 
objects is introduced. The general formula for the tensor 
c7Q/3(k, a;|r) is applicable for quantum wells, wires and 
dots. 

In section IX the conductivity tensor for a case of quan- 
tum wells in zero and quantizing magnetic fields is cal- 
culated. In section X the averaged density of induced 
currents is calculated for a specific case of normal light 
incidence on a quantum well surface. 

In section XI the model appropriate to two degener- 
ated valence bands and simplifying expressions for the 
averaged density of induced currents is described. It is 
shown that to this model the zero density of induced 
charges corresponds. 

Using the formula for the retarded potential in sec- 
tion XII we express the vector potential through an inte- 
gral containing the averaged density of induced currents. 
Knowing the vector potential we calculate induced elec- 
tric fields. Since the induced current density depends on 
an electric field we obtain some integral equation for it. 

In section XIII the integral equation is transformed 
with reference to an approximation of an infinitely deep 
quantum well. 

In sections XIV- XVI the integral equation for electric 
fields is solved for special cases. In section XIV the case 
of many energy levels of electronic excitations is consid- 
ered in a narrow qiiantum well, the width of which is 
much less than the length of a stimulating light wave. In 
section XV the equation is solved in a case of many en- 
ergy levels in a wide quantum well in the lowest order on 
the interaction of electromagnetic fields with electrons. 
In section XVI electric fields are precisely determined in 
case of one energy level of an excitation in a wide quan- 
tum well. 

At last, in section XVII it is shown how the expres- 
sions for induced fields are connected with the form of a 
stimulating light pulse. 

I. THE EXACT FORMULAS FOR THE 
AVERAGE INDUCED CURRENT AND CHARGE 
DENSITIES. 

In [14] it is shown that averaged current and charge 
densities induced by external weak electromagnetic fields 



may be expressed through values of electric fields and 
their derivatives on coordinates as follows 

(0|ii„(r,i)|0) = (0|ji„(r,i)|0)/ + (0|ii„(r, i)|0)//, (1) 

(0|pi(r, t)\0) = (0|pi(r, t)\0)j + (0|pi(r, t)\0)ii, (2) 

where the subscript " 1" means linear approximation on 
fields, indexes I and // - contributions containing fields 
and their derivatives on coordinates, respectively. The 
results are obtained 

(0|ii„(r,i)|0)/ = ^ydr'y* dt' 

X {O\\j„{v,t),dp{v',t'mE0{r',t'), (3) 

{0\jia{r,tmn = £-(0|J^(r)|0)^^|M 

I /AC- ^ ' (y. 

-A j dr'(0|ba(r,t)l>,(r',t')]|0)^^^^, (4) 

(0|pi(r,i)|0)/ = J j dv' j' dt' 

X {0\[p{v,t),dp{v',t'mEp{v',t'), (5) 

{0\pi{r,t)\0)ii = -^J dv' J dt' 

x(0|p(r,i),l>,|0)^^^^. (6) 

The following designations are used: (0|...|0) is aver- 
aging on the ground state of system, j(r, t) and p{r,t) 
are the operators of current and charge densities in the 
interaction representation 

p{r,t)= e*^*/^V(r) (r)e-^^*/'* , (7) 
where H is the Hamiltonian of the system 

i 

Pi = Pi--A{ri), Pi = -ih^, (8) 

A{r) is the vector potential appropriating to a constant 
quantizing magnetic field 

He = V X A{r), 

V{ri...r]y) is the potential energy including an inter- 
action between particles and external potential. The 
Hamiltonian (8) describes the system of A'' particles with 
a charge e and mass m. 



2 



The operators j(r) and p(r) are determined as 
j(r)=^j,(r), p(r)=^p,(r), 

i i 

jiW = ^{<5(r - ri)vi + ViS{r - rj)}, Vj = — , 

Pi{r) =e5{r-ri), (8a) 

Tj is the coordinate of i-th particle. Let us introduce 
designations 

^(r) = ^fiPi(r), 

i 

fi=ri-(0|ri|0), (86) 

and also 

a{r,t) =-c dt''E{r,t'). 
Jo 

Fields are considered as classical, the temperature is 
equal zero. At a derivation of (1) - (6) we assumed that 
on the infinitely removed distances there are no charges 
and currents, and also that on times t — > — oo the fields 
E(r, t) and H(r, t) are equal what corresponds to adi- 
abatic switching on of fields. 

II. THE SECONDARY QUANTIZATION 
REPRESENTATION. 

Below we do not take into account the contributions 
with the index II containing derivatives from electric 
fields on coordinates, considering these contributions as 
small in comparison to basic contributions with the index 
/ The discussion of this question see in [15]). 

Let us pass to the secondary quantization representa- 
tion, using a set of ortho-normalized wave functions of 
particles 'i'm satisfying to conditions 

j dY-^*^,{T)<irn{r)=Smm'- (9) 

Then operators of current and charge densities deter- 
mined in (8a) look like 

iaW = 2^ {*m'(r)P«*m(r) 

- ^m{v)pA{v)]al,am, (10) 



p(r) = e ^ vl/;,,(r)*„(r)a+,a„. (11) 

The operator d(r) determined in (8b) in the secondary 
quantization representation looks like 

Ja(r) = e(ra - roa) X) *m'(r)*m(r)a+,a„, (12) 
where 

= ^ E / d'r^*^{v)r^^m{v), (13) 

mo 

mo is a set of N states occupied by particles in the ground 
state |0). Let us notice that r„ — roa, included in the right 
hand part of (12), is invariant relatively a shift of origin 
of coordinates, i.e. a replacement r on r + R where R is 
any vector. 

III. CONSIDERATION OF SEMICONDUCTOR 
OBJECTS. 

Let us consider a semiconductor qiiantum well, wire or 
dot, containing valence bands and a conductivity band. 
From group of indexes m we allocate indexes v and c of 
valence and conductivity bands, respectively. We neglect 
transitions in higher bands. We designate other indexes 

by C 

Let us calculate the averaged induced current density 
using initial expression (3). Into the RHS of (3) only 
non-diagonal matrix elements of the operators ja (r) and 
dp{T) introduce, because the operators stand inside of 
a commutator. Therefore in the RHS (3) we have to 
substitute 

C'(r) = e *:C'«(^a - r-Oa)*.c(r) 

xa'^^,ay^ + h.c. (15) 

In (14) and below we consider electrons, therefore e = 
— |e|, the mass m — mo, where mo is the free electron 
mass. The superscript nd means a part of the operator 
having only non-diagonal matrix elements. 

IV. THE EFFECTIVE MASS APPROXIMATION. 

Let us consider that object sizes - width d of a QW or 
sizes of wires or dots - are much greater than the lattice 
constant a and the distances on which varies a slowly 
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varying part of the wave function, is much greater than 
a. Then the effective mass approximation is apphcable 
according to which 



(16) 



where uq^^ (r) is the quickly varying dimensionless factor, 
tpficir) is the slowly varying factor, fx = c ov ^ = v. 

In (14) we neglect an action of the operators Pa on 
the slowly varying factor in wave functions (16). Then 
we have approximately 

^ V 

X V'cVWV'«cW<'a< + h.c, (17) 



V 

X ZlV'cC WV'<(r)a<'a< + h.c. (18) 

We get rid of quickly varying factors in the RHS of (17) 
and (18). For this purpose we introduce the Fourier com- 
ponents 



re 



If /ta << 1 we obtain approximately 



(19) 



'^'^^V'c,C'('")V'j'C"i('")e 



X aj"^,a^f + h.c, 

V (X' 

X a^t^,avt: + h.c, 



(20) 



(21) 



where 



Pcv = -^ l^d^ruQ^{T)Puov{r), 



d'^r'Uoc(r)rMo«(r), 



(22) 



n is the volume of an elementary crystal cell on which 
the integration is made. 

In the first equality of (22) we have replaced the op- 
erator p (see (8)) on P. If the system is in a quantizing 
magnetic field He = rot A{r) and in the operator p the 
term — (e/c)A(r) is present, it brings in the small contri- 
bution in pcv and may be rejected in the effective mass 
approximation. 



Assuming that in the future we interest only by long 
wave components of j"''(r) and D"'^(r), we pass back 
from K - representation to r - representation and obtain 



j"'W = ;fEp-E^cVWV'<(r) 

X a+^,a„^ + h.c, 



(23) 



ind 



(r) = E E ^*C' i^)M^) 

cc 



X aJ^iUy^ + 



h.c. 



(24) 



V. ELECTRON WAVE FUNCTIONS IN QW. 

Let us consider two concrete examples of electron long 
wave functions in the effective mass approximation in 
QWs. In the free electron case 



V'k_L,K'') 



1 



oikj_rj_ 



A5o 



(25) 



where So is the normalization area, the axis z is directed 
perpendicularly to the QW plane, the real function ipi (z) 
corresponds to levels I = 1,2... of the size quantization of 
electrons. For QWs of a finite depth the function (pi{z) 
and energy levels, appropriate to them, are determined, 
for example, in [16]. 

The second example is the case of electrons in a QW in 
quantizing magnetic field He perpendicular to the QW 
plane. The axis z is directed along a magnetic field. Let 
us choose the following gauge of the vector potential 



A(r) = A{0,xH,0). 

Then electron wave functions look like 

1 



(26) 



^n,ky,ii^) = ^nix + a'jjky)^=e'''yy^i{z), (27) 



If„(a;/aH)e-"'/'"^, (28) 



ch 



(29) 



Hn{t) is an Hermitian polynomial, Ly is the normaliza- 
tion length. 
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VI. THE CONCEPT OF A HOLE IN A VALENCE 
BAND. 

Let us consider that quasi-momentum components of 
a hole 'kh± = — and khy = —ky (in a quantizing mag- 
netic field He) and the operator of an electron anni- 
hilation in the valence band is equal to the operator of a 
hole creation. Let us introduce a set of indexes rj describ- 
ing quantum numbers of an electron-hole pair (EHP) and 
operator o^(a^) of a creation (annihilation) of an EHP. 
Then from (23) and (24) we obtain 

= ;f EiP™^.* W< + P*cvFr,{r)ar,}, (30) 

^ 



d"\r) = J2{<icvF;{r)a+ + d:,F,(r)a4, (31) 

V 

where Frj{r) is the EHP wave function at Ve = rh = r, 

re(r/i) is the electron (hole) radius - vector. 
In the case of free EHPs in QWs 



1 



(ke_L-|-k„j.)rj_ e f^\,.y 



vlizMM, (32) 



where the set r] includes indexes ?;,ke_L,k 

EHP energy counted from the ground state energy is 

equal 



+ 



2me 
2mv ' 



(33) 



where hLOg is the band gap, me(m„) is the electron (hole) 
effective mass. 

In the case of EHPs in QWs in a quantizing magnetic 
field we have 

Frj{r) = '^nA^ + o.Hkey)<PnAx - affkyy) 

x^e^('=-+'=-)VreWKW, (34) 



the set T] includes indexes v,ne,ny,key,kyy,le,lv The 
appropriate energy is equal 



= hojg + el + el + nneHiue + 1/2) 

+nnyH{nv + 1/2), 



\e\Hr, 



e{v)H 



m, 



(35) 



(36) 



is the cyclotron frequency of electron (hole in a band 
v). It is possible to show that the formulas (30) and 
(31) are applicable and in those cases when it is es- 
sential the Coulomb interaction between electrons and 



holes. For example, at _ffc = discrete energy levels 
correspond to excitonic states in QW. Then F^r) is the 
excitonic wave function at r,. = Yh = r, and r] is the set 
of indexes describing an cxciton. In quantizing magnetic 
fields Coulomb forces can change a position of energy lev- 
els and affect on the function -F',,(r). (Conditions of weak 
influence of Coulomb forces in quantizing magnetic fields 
see in [27].) 



VII. AVERAGED INDUCED CURRENT 
DENSITIES IN SEMICONDUCTOR OBJECTS. 

It is easy to find a connection between matrix elements 
TPcv and dcv determined in (22), if to use a ratio 



from which follows 



le 



"Pcv ■ 



(37) 



Substituting (37) in (31) and then (30) and (31) in (3), 
we obtain 

„2 



(0|ji„(r,t)|0) = 



■ / d?r' I dt'Q{t - t') 

J J —OO 



fkjgmo 

+p,,,„p:,^,^^*,(r)F,(r')(0|a,(t')<(t)|0)£;/3(r',t'), (38) 

where e(T) = 1 at r > and &{t) = at t < 0. 

Averaging on the ground state gives the result [17, page 
48] 

{0\a^,{t)a+{t')\0) = 5^,^,e*'^''(*'-*)-(^''/2)l*-*'l, (39) 

where 7^ is the non-radiative broadening of a state 77. 

Substituting (39) in (38) and making replacement t' 
t + t', we obtain 



( 0|ji„(r,i)|0) 



hCOglTlQ 



E 



X [pcvaPcvM^) I d\fF;ir')l° dt'e 
+ P,,^p:,^F;{v) J rfV/F,(r') y° rff'e--''*'+(^''/2)*'| 



X E^{r',t + t'). 



(40) 



The result (40) is applicable in a wide area, for exam- 
ple, in case of exciton states at a zero magnetic field 
and in quantizing magnetic fields, i.e. at the account of 
Coulomb interaction of electrons and holes in those cases 
when it is essential. Certainly, the functions F^(r) at 
the account of Coulomb forces will differ from (32) and 
(34). Besides the formula (40) is appHcable in case of 
other low- dimensional semiconductor objects, for exam- 
ple, quantum wires or dots. 
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VIII. INTRODUCTION OF A CONDUCTIVITY 
TENSOR. 

We write down the expression (40) as 

(0|ji„(r,f)|0) = f d\i ( dt'a^p{r',t'\r,t) 

J J —OO 

xE^{r-r',t-t'), (41) 

where (T„/j(r', t'|r, t) is the conductivity tensor (the des- 
ignation is borrowed from [18]). It follows from (40) 



X {p:„„Pe./3F,(r)F*(r- r')e(t')e-'"''*'-(^''/')*' 

+ p,,^p*,^F;{r)F,{r - r')e(t')e'"''*'-(^''/^)*'}. (42) 

It follows from (42) that the tensor (7ap{^' , t'\r) does not 
depend on time t, if the potential energy V{ri . . .tn) 
from (8) does not depend on t, what we mean. It is a 
consequence of time uniformity. Therefore the designa- 
tion is used below 

(7Q/3(r',t'|r) = aai3{r',t'\r,t). 

Let us make a Fourier transform. Let us write down the 
electric field as 



(43) 



where 



^^gz(kr-^tj^ (44) 



£(-)(r,t) = (i?(+)(r,f))*, 



(45) 



E^{\<i,Lo) = j dPr j dtE„{r,t)e'^-^''+'^*\ (46) 

J J —OO 

The splitting (43) is usually made to not use negative 
frequencies oj. 

Let us introduce a Fourier- image aaj^ir' ,t'\r) on vari- 
able r',t' 

ac,0{r',t'\r) = f d^r' f dt' cjc,p{r' ,t'\r)e' 

J J — OO 



(-kr'+wt') 



(47) 



Then with the help of (41), (44) and (45) we obtain 

(0|ii„(r,i)|0) = ^ j d^kj^dw 
x<j^l}{\L,tj\v)Ei}{\i,ujy^''-''^* + c.c. (48) 



In a case of spatially - homogeneous systems, for example, 
bulk semiconductor crystals 



<Ta/3 (k,a;) I r) =(Ta/3(k,w). 



(49) 



From (42), making transformations (47) and executing 
integration on t' , we obtain 



o- a/3(k,w|r) 



le 



E 



X {PcvaPcv0Fn{r) 



J d^r'e-^^" F*{r-r') 

OJ -OJr, + «777/2 



* , J<fr'c-'^'-'F„{r-r') ^ 
■ VcvaVcvuPn (r ) ,„ S ■ 



(50) 



ui + uin + i'^n/'^ 
Let us notice that the conductivity tensor has a property 
<^a/3(k, w|r) = (7„/3(-k, -a;|r). (51) 

Let us emphasize that the expressions (48) and (50) ba- 
sically allow to calculate average induced density of a 
current at monochromatic and at a pulse light irradia- 
tion and at any direction of incident light, for example, 
not only at normal, but also at slanting incidence of light 
on a QW's plane. 

IX. THE CONDUCTIVITY TENSOR IN QW. 

It follows from (32) and (34) that for free EHPs in zero 
or quantizing magnetic field the function F^{y) may be 
represented as a product 



(52) 



where n is the set of indexes v, ke_L, k„_L in He = and 
V, rig, Uy, key, kyy iii Quautizing magnetic field, x is the set 
of indexes v,le,lv, 



(53) 



The splitting (52) is applicable also when the Coulomb 

interaction of electrons and holes can essentially influence 
only on movement of particles along z axis. It occurs 
under condition of [19] 



where 



2 



is the Wannier-Mott exciton radius in absence of a mag- 
netic field, So is the static dielectric susceptibility , = 
memy/{me + my) is the effective mass, i.e. in a case of 
quantizing magnetic fields. At 

^exc d, 
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i.e. for narrow bands the Coulomb forces poorly influence 
on movement along an z axis and the functions <\)-^ (z) look 
like (53). Otherwise 

the formula (53) is inapplicable. For GaAs 

flexc = 146A, a^* = 57.2A, 

where corresponds to a magnetic field Hres, at which 
has a place the magnetophonon resonance flgH = i^lo- 
Using (52) we obtain from (50) 



o- a/3(k,w|r) = 



zkr 



/OO 
dz'(l)^{z')t 
-OO 

{p*cvaVcvi3 (r± ) / dr'^ Q; (rl) - 



+ 



For free EHPs at ff. = 



Substituting this expression in (54) and executing inte- 
gration on we obtain 



a a/3(k,a;|r) = 



-ikzZ 



Uoj grinds 



V 



X 



Pi 



where K±_ — ke± + ky± 

/oc 
dze-'''''ct>^{z), 
-OO 

the energy UcJrj is determined in (33). 
For EHP in a quantizing magnetic field 

(37r(r±) = ^ne{x + a%key)^nv{x - ajjkyy) 

1 



(55) 



(56) 



X — e 



(57) 



Let us substitute (57) in (54), integrate on variable y' and 
make summation on indexes key and fc„y, from which the 
energy fkUr, (determined in (35)) does not depend. It 
results in 

a a/3(k,a;|r) = ^ o e-''''' Y 4>^{z)RUz) 

PcvaPcv0^ne ,to„ (^a ; ^j; ) 

w — + / 2 

PcvaPci^fi^Ti .71,, ( kj-. ky^ 



+ 



(58) 



where 



(it$„Jt)$„„(i-a|^fcy)e'''^ 



(59) 



^ is the set of indexes ng, n„, the energy huj^ = Tiw^. 

Let us pay attention that iJa/3(k, a;|r) in QWs (at = 
or with He directed along z axis) depends only on z 
what follows from (55) and (58). It is caused by that 
that the system is inhomogeneous only along z axis , 
perpendicular to a QW plane. Thus, 



o-„/3(k,t^|r) = (Ta/3(k,w|z) 



(60) 



The expression (48) with substitution in (55) or (58) is 
applicable in case of incidence of light on QW under any 
angle to z axis for the monochromatic and for pulse irra- 
diation. 



X. NORMAL LIGHT INCIDENCE ON A QW 
SURFACE. 



At a normal light incidence the electric field E(r,f) 
depends only on variables z and t. Let us introduce the 
Fourier- component of a field on variable t 



/OO 
dte''^*E0{z,t). 
-OO 



(61) 



With the help of (48) and (55) it is possible to show that 
average induced density of a current aX He = is equal 



2tt \mo J hiOgSo 



X / due 



-iut 



dz'<j>^{z')E0{z',uj) 



X \ P*cvaPcv0 ^(w - + i7„/2) ^ 

PcvaPcvB 

^(w +w„ +i7«/2) ^ V , 

J 

where k is the set of indexes x, kj_ — ke± = — k„_L, 

hkl 



2/i 



(62) 



(63) 



In (62) we passed from integration on oj in limits from 
up to OO to integration in limits from — oo up to oo, what 
is more convenient for concrete calculations, because an 
integration contour may be closed in the top or bottom 
half-plane. 

In a quantizing magnetic field with the help of (48) 
and (58) we obtain 
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(0|ii«(M)|0) ^ ^ (^) ^E^x(-) 

/OO POO 
dtue-''^' / dz'(j)^{z')Ep{z',uj) 
-OO «/ — CXD 

X S P*cvaPcv0 "^{^ - + i7A/2)"^ 
n ) 

where A is the set of indexes x and ne = riy = n, 

iOx=iOg + el /h + el /h + %H{n + 1/2) , 

\e\Hr, 



(64) 



'IJ.H 



lie 



(65) 



At a derivation of (64) the ratio was used 



/OO 
-OO 



= 5n 



(66) 



which corresponds to the following selection rule: at a 
normal incidence of light EHPs with identical Landau 
quantum numbers of electrons and holes are excited. 

At He = and a normal incidence of light EHPs with 
zero quasi-momentum in a QW plane arc excited, there- 
fore ke_L = — k?i_L, that follows from the quasi-momentum 
conservation law in xy plane. 

Let us notice that the expression (64) for quantizing 
magnetic fields differs from (62) for = only by re- 
placement of the normalization area So by 2na'jj and the 
index kj_ by the index n. 



XI. THE MODEL SIMPLIFYING EXPRESSIONS 
FOR AN AVERAGE CURRENT DENSITY. 

Further a model is used which was applied in [20-28]. 
Vectors for two degenerated valence bands v = I and 
V = II look like 

— ^™ ( ■ A 

Pcvii ^ + ^^y")' ^^'^^ 

where e^; and By are unite vectors along axes x and y, 
Pcv is the real value. This model corresponds to heavy 
holes in a semiconductor with the zinc blend structure, if 
an axis is directed along an axis of symmetry of the 4-th 
order [29,30]. If to use vectors of circular polarization of 
stimulating light 



1 , 

e; = -j=(ex± iex), 



(68) 



the property of preservation of a polarization vector is 

performed 



/ ^ t'cv 



Pcvi^lPcv) 



V = I.II 



Pcvieip*^) = eipl^. (69) 



Wave functions (fl and energy levels el do not depend 
on numbers of valence bands / and //. 

Using the model (67) and results (62) and (64) the 
expression for average induced current density a± = 
in a quantizing magnetic field we write down in an unified 
form 



(0|ji„(r,i)|0) = ^E7rp0p(^) 



due 



/OO 
dz'<i)p{z')E^{z',ij) 
-OO 



x{{u>-u;p + np/2y^ + iLj+ujp + np/2) 1}, (70) 



where v is the refraction light factor and for = 

2 



(71) 



p is the set of parameters le,lhi^i. and for quantizing 
magnetic fields 



2^^22£, (72) 



' hey mg a|f Jiev mg TujJg 



^OH = \e\II/moc, p is the set of indexes le, Ih, n. 

In the RHS "fr is supplied with an index p though the 
RHSs of (71) and (72) do not depend on this index. It is 
made for the expression (70) would be applicable and to 
another situations, for example, to a case of the magne- 
topolaron resonance in a quantizing magnetic field. The 
physical sense of jrp will be opened below. 

Let us notice that in the case of model (67) the impor- 
tant property is performed 



rfw(0|ji(r,t)|0) =0, 



(73) 



therefore the average induced charge density is equal 
what follows from the continuity equation. 



XII. CALCULATION OF A VECTOR 
POTENTIAL AND AN ELECTRIC FIELD. 

Knowing distribution of the average current density in- 
side of QW, it is possible to determine a vector potential 
according to the known formula for retarded potentials 
(see, for example, [31, page 209]) 



1 /■^3^/j(r',t-i^|r-r'|/c) 



+ Ao{v,t). (74) 
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It follows from (70) that the dependence of a current 
density on coordinates is determined only by 4'p{z) in 
the sum on g. 

Let us calculate the integral 



ipiuj,z) = I (Tr 

which is equal to 

27ric 



^3 ,</.p(^')e''^''l"-''l/^ 



(75) 



Ip{uj,z) 



LOU 
+ 



where k = lov/c. Using (70), (74) and (76) we obtain 
that the vector potential is equal 



djjj 



-iujt 



/GO 
dz'(fip{z')Ea{z',(j) 
p -°° 

X jy" dz'^p{z')e'''^'-''^ + y d0>p(^')e"''''^"^'' I 

X {(w - ujp + hp/2)-^ + {u + ojp + ilp/2)-^} 

+ Aoa{z,t). (77) 

It is specified above that an average charge density in a 
case of model (67) is equal 0. it means that the scalar 
potential is equal also, therefore 



^{z,t) = - 
and accordingly wc obtain 



1 dA{z,t) 



(78) 



?■ f°° 

E^{z,t) = -— da;e-'-*^7rp 

/CO 
dz'(j)p{z')Ea{z' ,L0) 
-oo 

xjy dz'(t)p{z')e"'^'"''"> + J^^ dz'(t)p{z')e-''''^''-'">^ 



X {(w -Up + ilp/2)-^ + {<jj + <jjp + i7p/2)"^} 

+ Eoc.{z,t), (79) 

where Eoa{z,t) is the exciting field. Let us make the 
Fourier transform of the left and right parts of (79) using 
(61). We have 



E a{z,Uj) = --^Jrp / dz'(j)p{z')Ea{z',L0) 
^ p 

X If dz'(j)p{z')e'''^''-'''^ + f dz'(Pp{z')e-''''^'-^"> 

L-/— OO Jz 

+ Eoa{z,u;). (80) 



Thus, we have obtained the integral equation for Fourier- 
components of the electric field. 

Let us write down the exciting field in the form 

/>oo 
Due-''^PDo{uj) + c.c., (81) 
-oo 

where p = t — uivz/c. 

For a monochromatic excitation with frequency ivi 

Do{w) = S{w - uii). 

Do{ui) also may correspond to pulses of any durations 
and forms. It follows from (81) 

Eoaiz, uj) = 2TrEoe^'''/''{eiDoiij) + etDoi-co)}. (82) 

Let us write down the required solution as 

E{z,t) = -^ / du)e-'''*£{z,u)) + c.c.. (83) 
27r J-oo 

Then for £{z,lu) we obtain the equation 

£ iz,uj) = --^22'^^P / dz'(l)p{z')£{z',uj) 
^ p 

X jy"' dz'<^p{z')e^''^^-^'^ + £ dz'(l>p{z')e-'''^'-'"^ | 

X {{to -ujp + ilp/2)-'^ + {uj+ujp + i7p/2)-i} 

+ 27r£;oe'''^£'o(w)- (84) 



XIII. THE APPROXIMATION OF THE 
INFINITELY DEEP QW. 

For the greater simplicity and demonstrativeness of so- 
lutions we consider a case of an infinitely deep QW, when 
wave functions ^pi{z) of electrons and holes are strictly 
limited by limits of QW and there is no any their pene- 
tration in a barrier, i.e. for free EHPs 



, , 2 . ,lziT 'tt, , ^ „ d d 

^K^) = ^sm(— + -),/ = 1,2,. ..;--<. <- 



d d 

0'^^-2'"- 2' 



' 2med^' ' 2mhd^' 
Then with the help of (84) we obtain 



(85) 
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£ {z,iJ) = -^'^1tp \ dz'(f)p{z')£{z',uj 



d/2 



[ J-, 



p - 



X < e"'-"- / dz (j)p{z )e~ 

-d/2 



d/2 

iKZ I yj^fj. ( 



+ e""^^ / dz'4>p{z')e 

J 

X {(w - Wp + ilp/2)-^ + {uj + ujp + i-ip/2)-^} 

+ 2nEoe'''^Do{uj). (86) 



XIV. THE SOLUTION FOR A QW, WHICH 
WIDTH IS LESS THAN A LIGHT WAVE 
LENGTH. 

Let us consider the solution of (86) at 
Kd « 1. 

For monochromatic irradiation ki = loiv/c, for pulse ir- 
radiation frequencies ui are essential, laying in an interval 
±Ati) near the carrying pulse frequency uji. Alu is of the 
order of {At)~^ , where {At) is the duration of a light 
pulse. In any case ui is of the order of uig, where Uuig is 
the band gap of the semiconductor. Let us search for the 
solution £{z,ui) at the left and to the right of QW, where 
only plane waves with frequencies u) = ck/v may exist. 
We search for solutions of type 

£left{z,Ul) = £o{z,U)) + A£ieft{z,U)), 
£right{z, W) = £o{z, LV) + A£right{z, w), (87) 

A£iefi{z,uj) = 2TrEae-'^''D{uj), z < -d/2, 

A£„ghLiz,cj) =^2TTEae"'''D{u;), z > d/2. (88) 

We designate the field inside of QW by indexes QW 

£Qw{z,io) = £o{z,Lo) + A£qw{z,u)). (89) 

Let us determine the integral 

rd/2 



d/2 



dz4>p{z)£Qw{z,Lo) 



included in the RHS of (86) in an approximation nd « 
1. Substituting (89) in the integrand we obtain 



/d/2 i-d/2 
dz(j)p{z)£Qw{z,uj) = / dz(t)p{z)£Qw{z,oj) 
-d/2 J-d/2 



d/2 

+ 27r£;o£'o(w)Cp, (90) 



where 



d/2 
-d/2 



Cp= I dz^p{z). 



The function A£qw{z) is unknown, but on QW's borders 

we have 

A£Qw{-d/2,Lo) = A£iefti-d/2,iv) = 27:Eoe'^''/^D{u), 
^£Qw{d/2,u) = A£right{d/2,uj) 

= 2TTEoe''"^/^Diu;). (91) 



From (91) it is clear that at nd « 1 

A£qw{z,uj) ■:^2-kEoD{oj). 
Substituting (92) in (90) we obtain 

fd/2 
-d/2 



(92) 



[■d/2 

/ dz(t>p{z)£Qw{z,^) = 2TTEo{Do{u)-\-D{uj))p. (93) 

J-d/2 



Using the first equality from (88) we write down the equa- 
tion (86) for z < —d/2. In this area the integral 

dz'e-'^^^'fkpiz'), 

-d/2 

included in the RHS of (86), is equal 0, and the integral 

I-d/2 fd/2 

\ dz'e''^'' 4,p{z') = / dz'ct^piz') = Cp. 

Jz J-d/2 

We obtain the equation for D{u>) the solution of which is 



D{u 



1 + 47rx(w) 



(94) 



+ {u + LOp + i-fp/2)-^}. 



(95) 



The equation (86) for z > d/2 also results in (95). 

In a case of free movement of electrons and holes along 
z axis, when (53)is carried out. 



Cp = 6i^^i^ 



and 



+ (w + Wp„ +27po/2)~'}. 

Pq is the set of indexes at 1^ = Ih = U i-S- the set l,\s.±_ 
for Hc = and Z, n for the case of a quantizing magnetic 
fields. 

The energy levels are accordingly equal 



2 1.2 



Wpo = ^gl + 



2/i 



0Jpa=u}gi + O.p{n+l/2), (96) 
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where 



For electric fields at the left and to the right of QW we 
obtain the expressions 

E(e/f (rigW) {z,t) = Eq {z,t) + AEieft(^right) {z,t), (97) 



/oo 
-CSO 



+ C.C., 



(98) 



where the superscript concerns to an index left, the sub- 
script - to an index right. With the help of expressions 
(97) and (98) it is possible to obtain formulas for reflected 
and absorbed by QW light fluxes in case of any number of 
energy levels in QW, any form of exciting pulse (including 
monochromatic irradiation) and any ratio of parameters 
7r and 7 ( radiative and non-radiative broadcnings of 
excitations). It follows from (98) that the induced fields 
AEif,ff{z,t) and AEright{z,t) differ only by direction of 
movement. 



XV. SOLUTIONS FOR QW, WHICH WIDTH IS 
COMPARABLE TO A LIGHT WAVE LENGTH. 
THE FIRST ORDER ON ELECTRON-LIGHT 
INTERACTION. 

The electric field E(z, t) may be spread out in a series 
on electron-light interaction 

F,{z,t) = Eo{z,t) + 'Ei{z,t) + E2{z,t) + (99) 

where Eo(z.f) is the exciting field. It is possible to ob- 
tain the following orders by iterations, using the equation 
(86). 

In the first order we have 

Ei(z,i) = -i/ (Lje-''^*£i{z,oj) + c.c., (100) 

2-77 



£1 ( 0,0;) = -- V7rp / dz'(j)p{z')£o{z',uj) 



X < e" 



d/2 



dz'e-"'' (j)p{z') 



rd/2 \ 

+ e-""' J dz'e'''' (l)p{z')\ 

X {{uj -ijp + hp/2)-^ + {ij + ujp + hp/2)-^}. (101) 



Using definition 

£o{z,iv)=2TTEoe''''-Do{co), 



(102) 



with the help of (100) we obtain 

/infty 
-OO 



X < e-~ I dz'e-'''' (t>p{z') 

-d/2 

rd/2 ^ '\ 

-he-^'^^y dz'e""' <j)p{z')\ 

X {{u -LJp + hp/2)~'^ + {uj-LJp + ijp/2)~'^} 

+ C.C., (103) 

where the designation is introduced 

rd/2 
-d/2 

For free electrons and holes in an infinitely deep QW 



fd/2 

Rp{i^) = / dz(t)p{z)e~ 

J-d/2 



(104) 



rd/2 

Rp{K) = / dzifii^{z)ipi^{z)e- 

J-d/2 



ikZ 



(105) 



The functions ^pi{z) are determined in (85). From (103) 
we obtain that the fields at the left and to the right of 
QW are accordingly equal 

/oo 
-CSO 

X Y.^lrp/2){R;{n)f 

p 

X {(w - ilp/2)-^ + {uj+ujp + hp/2)-^} 



+ ex., 



(106) 



/OO 
d^e^'^'-^'Doiij) 
-OO 

X J2(^rp/2)\R;{fi)\' 

p 

X {{u -u)p + hp/2)-^ + {uj+ujp + i^p/2)-^} 



+ C.C.. 



(107) 



And for a field 'EiQw{z,t) inside of QW it is necessary 
to use (103). From (103) - (107) it follows that in a case 
of wide QW there is allowable a creation of EHPs with 
quantum numbers 



(108) 



and also it appears there a dependence of fields on a QW's 
width d contained in factors Rp{K). It is possible to show 
that, if to use functions (85), the factor R*{k)/Rp{k), 
included in the relation Eiieft{z, t) fEirightiz , t), depends 
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on indexes le and Ih as follows: if le and Ih are of identical 
parity, R*{k)/Rp{k) = 1, if Ig and Lh are of different 
parity, R*p{K)/Rp{K) = -1. 

Substituting the first order result (101) in the RHS 
of (86) one obtains the second order result, etc. So it is 
possible to calculate all series (99). But we apply another 
method for calculations of fields in case of wide QWs, i.e. 
under condition of kc? > 1. 



XVI. SOLUTIONS FOR WIDE QW IN A CASE 
OF ONE ENERGY LEVEL. 

In a case when one energy level is essential the equation 
(86) may be solved exactly. Introducing designations 

UJp = Wo, 7p = 7, (l)p{z) = (l){z), Jrp = 7r 

we rewrite (86) as 



S { z,Lj) = -^'yrM{w) { e"'' / dz's''"' (f){z') 

-d/2 



+ e 



2 

d/2 



X {(w- Wo +17/2) ^ + (a; + wo + i7/2)"^} 

+ 27r£;oe'''^£'o(w), (109) 



where the designation is introduced 

'-d/2 



.d/2 

M(a;)= / dz'(f){z')£{z',uj). (110) 

J-d/2 



Let us multiply both parts of (109) on <j){z) and integrate 
on z in limits from —d/ 2 up to d/2. It results in an 
equation for M{w), which solution is 



M{lu) = 2TrEoDoiuj)R*{K){l + -7r^(K) 

X [{u! - Wo + i7/2)~-^ 

+ {uj + uJo+i^/2)-^]}-\ 



(111) 



where 



d/2 



J{k) = I dz(l){z) \ e"''' I dz'e-""' 4){z') 

-d/2 [ J-d/2 

d/2 



+ e"'"'- / dz'e"^'' (t>{z')j 

It is possible to show that 

J{k) = \R{k)\'' +iQ{K). 



(112) 



(113) 



Substituting (111) in (109) we obtain the solution of our 
task. Using (83) we find induced electric fields at the left 
and to the right of QW 



A'Eieft{z,t) = -ieiEi 



•o(7r/2) 

J — ( 



duje 



-inz—iujt 



Do{oj) 



X (i?*(K))2[(w - Wo + i7/2)"' + (w + Wo + ^7/2)"'] 
X {l + i(7,/2)(|i?(K)|2 + iQ(K)) 

X [(w - wo + i7/2)-' + (w + wo + n/2)-^]}-\ (114) 



A Bright (2;,*) = -ieiEo 



iir/2) r 

J —i 



dwe^'^^'-^^Doiuj) 



X (i?*(K))2[(w - Wo + i7/2)"' + (w + Wo + ^7/2)"'] 
X {l + z(7,/2)(|i?(K)|2 + ig(K)) 

X [(w - Wo + + (w + Wo + ij/2)-^]}-\ (115) 



The value 



7.(w) =7,|i?(K)|2 



(116) 



at w = Wo and at the account of (72) coincides with calcu- 
lated in [27] radiative broadening of EHP in a quantizing 
magnetic field at = rih = n, K± = for any values 
u>o^d/c. 

Neglecting the non-resonant contribution (w + wq + 
i'y/2)~^, we obtain from (114) and (115) the results [26] 



where 



/oo 
dw 
-00 

e-'"^-'"*(>(w)/2)£>o(w)e'" 
'w- (wo + A)+i(7 + 7r(c^))/2' 



/OO 
du! 
-CO 

e''"^-'"*(>(w)/2)Do(w) 
' w - (wo + A) + i(7 + 7r(w))/2 ' 



(117) 



(118) 



(119) 



Let lis notice that above this section we did not use the 
formula (53), applicable only in case of free movement 
of electrons and holes along z axis and assumed only 
performance of (52). 

In case of use (53) with substitution of functions (85) 
it is possible to transform the expression for R{k) and 
R*{k) to 



1 rd/2 

R{k) = / dze~ 

2 i-d/2 



*In [26] in the formulas (47) and (48) the typing errors are 
admitted: instead of 7^ it is necessary to read 7^6""*''''^. 
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x{cos[{n/d){le - lh)z + (7r/2)(Ze - lh)z] 



XVIII. CONCLUSIONS. 



- cos[(7r/£i)(le + lh)z + (7r/2)(Ze + Ih)]}, 




x{cos[(7r/d)(/e - lh)z - (7r/2)(/e - Ih)] 

- cos[(7r/d)(?e + lh)z - {tt/2){1, + h)]}. 
In case of narrow QWs at << 1 we have 

R{K) = R*{K) = 5ian. 

It means that light creates only EHPs with identical num- 
bers of the size quantization of electrons and holes (in a 
limit of infinite deep QWs). In a case nd > 1 EHPs 
are born with various le and lu, i.e. there may be an 
excitation of much more energy levels. 



It is possible to allocate two most important results. 
First, the expressions (48) and (50) for the averaged den- 
sity of the induced current is applicable to any semicon- 
ductor objects in case of any number of energy levels of 
electronic excitations and at any form of a stimulating 
light pulse and also at anyone direction of light concern- 
ing crystal axes. 

Second, (84) is the integral equation for Fourier- 
components of the electric field in a case of normal inci- 
dence of light on a QW, which width can be comparable 
to the light wave length, and number of energy levels of 
excitations is anyone, what in particular corresponds to 
a QW in a quantizing magnetic field. The equation is 
applicable both for monochromatic and for pulse light 
excitation. With the help of these results it is possible 
to solve a plenty of tasks on optics of low-dimensional 
semiconductor objects. 



XVII. MONOCHROMATIC AND PULSE 
EXCITATION. 

In [7-15] the following expression is used for a light 
pulse 

x{e(p)e-T»f/2 + e(p)]eT'^P/2}, (120) 

where is the carrying frequency, p — t — zv / c,Q{p) is 
the Haeviside function. Decomposing a pulse on frequen- 
cies, we have 

/oo 
duje-''^PDo{uj)+c.c., (121) 
-oo 

where 

£>o(w) = ^[(w - + -{w-oji- na/2)-']. 

(122) 

Under condition of 7n = 7(2 = 7; the pulse is symmetric, 
its duration is of order 7^"^. At 7; — > we obtain 

£>o(w) = (5(a;-a;0, (123) 

what corresponds to monochromatic irradiation. At 
7j2 the pulse is asymmetrical and has a very much 
abrupt front. 

The case of an monochromatic irradiation is considered 
in [26,27], only asymmetric pulse - in [20-22], only sym- 
metric pulse - in [23,24,28], symmetric and asymmetric 
pulses - in [25] . 
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